Abstract. We develop Stiefel-Whitney classes for coherent real analytic sheaves and investigate their applications to analytic cycles on real analytic manifolds.
Introduction
Using locally free resolutions Grothendieck [12] defined Chern classes for coherent algebraic sheaves, while simultaneously Borel and Serre [7] presented a detailed exposition of background material and applications. In [2] Atiyah and Hirzebruch suitably adapted some of these results to coherent analytic sheaves and proved that analytic cycles on complex analytic manifolds satisfy certain restrictive topological conditions. The aim of the present paper is to develop Stiefel-Whitney classes for coherent real analytic sheaves and investigate their applications to analytic cycles on real analytic manifolds. Some difficulties in the analytic case stem from the fact that coherent analytic sheaves do not always have globally defined locally free resolutions.
Consequently, it is not clear how to define Chern classes for arbitrary coherent complex analytic sheaves. On the other hand, the construction of Stiefel-Whitney classes for coherent real analytic sheaves is always possible Key words and phrases. Stiefel-Whitney classes, real analytic coherent sheaves, free resolutions.
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(cf. Theorem 1.1), due to a good behavior of inverse limits of cohomology groups with coefficients in a field (cf. (3.2) ). Real analytic sets need not be coherent, which complicates applications in the real case. However, making use of appropriate coherent sheaves, we obtain interesting results on real analytic cycles defined by global equations (cf. Theorem 1.3, Corollaries 1.4 and 1.5).
Throughout this paper all real analytic manifolds are assumed to have a countable base of open sets. All locally free sheaves on real analytic manifolds will have locally finite rank and will be identified with analytic real vector bundles. If L is a locally free sheaf on a real analytic manifold X, we write [L] for its class in the Grothendieck group K(X) of analytic real vector bundles on X. As usual, the kth Stiefel-Whitney class of an element ξ of K(X) will be denoted by w k (ξ). Thus w k (ξ) is a cohomology class in H k (X, Z/2). By a locally free resolution of a coherent real analytic sheaf S on X we mean an exact sequence of real analytic sheaves
where each L i is locally free, 0 ≤ i ≤ r. Note that ( * ) determines an element
of K(X). Clearly, if X is connected and S admits a locally free resolution ( * ), then the minimal number of generators of the O X,x -modules S x , where O X is the structure sheaf of X, is bounded by an integer independent of the point x in X (namely the rank of L 0 ). In particular, not every coherent real analytic sheaf admits a locally free resolution.
Theorem 1.1. Given a nonnegative integer k, one can assign to every coherent real analytic sheaf S on a real analytic manifold X a cohomology class
such that the following conditions are satisfied:
(ii) If S admits a locally free resolution ( * ), then
The assignment S −→ w k (S) is uniquely determined by (i) and (ii).
In (i), S|U is the restriction of S to U , while w k (S)|U denotes the image
the inclusion map U → X. We call w k (S) the kth Stiefel-Whitney class of S.
Theorem 1.2. For each coherent real analytic sheaf S on a real analytic manifold X there is an analytic real vector bundle E on X with w k (E) = w k (S) for all nonnegative integers k.
We will now describe some applications of Theorems 1.1 and 1.2. By an analytic subset of X we mean a subset of the form V = f −1
s (0), where each f i : X → R is an analytic function, 1 ≤ i ≤ s (thus we only consider analytic sets defined by global equations, cf. [8, 21] ). Denote by J V the sheaf of ideals of analytic functions vanishing on V ,
As usual, we define the local dimension dim V x of V at x to be the Krull dimension of the ring O X,x /J V,x , and dimension dim V of V as
corresponds to the fundamental class of V , cf. [6] . Here H
BM d
(X, Z/2) stands for the Borel-Moore homology with coefficients in Z/2. We set 
and denote by J (V ) the sheaf of ideals on X defined by
By [10, Corollaire (I, 8) ], J (V ) is coherent, and hence
is a coherent real analytic sheaf on X. Theorem 1.3. Let X be a real analytic manifold and let V be an analytic subset of X of codimension k.
X , for some analytic subset V of X with k = codim X V , is said to be analytic. The set
of all analytic cohomology classes in H k (X, Z/2) forms a subgroup, cf. [6,
It is well-known that an (X, Z/2) can be represented as v = w 2 (E) for some analytic real vector bundle E on X with w 1 (E) = 0.
Proof. It is sufficient to apply Theorems 1.2 and 1.3 (ii). Corollary 1.4 is the main result of [5] , proved under the assumption that X is compact. The proof given in [5] does not generalize to the noncompact case.
It is interesting that H 2 an (X, Z/2) can be described in a purely topological way and is, in general, different from H 2 (X, Z/2). Indeed, one readily checks that the subset W (X) of H 2 (X, Z/2) consisting of all cohomology classes
, where F is a topological real vector bundle on X, forms a subgroup (cf.
for example [4, Proposition 1.4] ). If X is compact of dimension at most 5, then
However, for each integer n ≥ 6, there is a compact n-dimensional real analytic manifold X with W (X) = H 2 (X, Z/2). It is also known that, in general, not every element of W (X) can be represented
as [Y ]
X for some analytic submanifold Y of X of codimension 2. These assertions concerning W (X) are proved in [19] .
, is a special case of a well-known fact that w k (F ) belongs to H k an (X, Z/2) for every topological real vector bundle F on X (cf. Proposition 2.2).
Preliminaries
All facts collected in this section are well-known to the experts. They are included here for sake of completeness and because it is hard to find appropriate references. By Grauert's theorem [11] , each real analytic manifold admits an analytic embedding in R n for some n. It follows that Cartan's Theorems A and B (cf.
[8]) are applicable to arbitrary real analytic manifolds. Grauert's embedding theorem [11] and Whitney's approximation theorem [20, 17] imply that the set of analytic maps between real analytic manifolds is dense in the space of all smooth (of class C ∞ ) maps endowed with the Whitney C ∞ topology.
Proposition 2.1. Let f : X → Y be a continuous map between real analytic manifolds. Then for each nonnegative integer k, the induced homomorphism
Proof. This is proved in [5, Proposition 3.1] under the assumption that X and Y are compact. The same proof works in the general case.
We will make use of the Grassmann manifold G n,r of r-dimensional vector subspaces of R n and of the universal vector bundle Γ n,r on G n,r . Note that 
Proof. Without loss of generality we may assume that E is of constant rank, say, r. If n is sufficiently large, there is a continuous map f : X → G n,r such that E is isomorphic to the pullback vector bundle f * Γ n,r . Since
Lemma 2.3. Let E be an analytic real vector bundle on a real analytic manifold X. If E is of constant rank, then there exist finitely many global analytic sections of E, which generate the fiber of E over every point of X.
Proof. Let E be the locally free sheaf on X corresponding to E. In particular, E is a coherent real analytic sheaf on X. For every point x in X, the stalk E x is generated as an O X,x -module by r elements, where r = rankE. It follows that the sheaf E is generated by finitely many global sections (cf. [9] ), and hence the proof is complete.
Remark 2.4 Let X be a real analytic manifold and let f = (f 1 , . . . , f k ) :
X → R k be an analytic map. Then the set S of critical points of f is an analytic subset of X. Indeed, by Lemma 2.3, there are analytic vector fields ξ 1 , . . . , ξ n on X, which generate the tangent space to X at each point of X.
The assertion follows since S consists precisely of all points x in X for which the matrix [(ξ i f j )(x)] is of rank strictly less than k.
Proposition 2.5. Let X be a real analytic manifold. Then every topological real vector bundle on X is isomorphic to an analytic real vector bundle.
Moreover, two analytic real vector bundles on X are analytically isomorphic if and only if they are topologically isomorphic.
Proof. Without loss of generality, we may assume that X is connected, and hence every vector bundle on X is of constant rank.
Let F be a topological real vector bundle on X of rank r. If n is sufficiently large, then there is a continuous map f : X → G n,r such that F is isomorphic to f * Γ n,r . Since f can be approximated in the Whitney C ∞ topology by analytic maps, there is an analytic map g : X → G n,r homotopic to f . It follows that F is topologically isomorphic to the analytic real vector bundle g * Γ n,r . Thus the first part of the proposition is proved.
Let E 1 and E 2 be analytic real vector bundles on X that are topologically isomorphic. Then there exists a continuous section σ :
of the real analytic vector bundle Hom(E 1 , E 2 ) such that σ(x) is a linear isomorphism of the fibers of E 1 and E 2 over x for all x in X. By Lemma 2. and E 2 are analytically isomorphic. The proof is now complete.
Proofs of Theorems 1.1 and 1.2
Let X be a real analytic manifold. Denote by K an (X) (resp. K top (X)) the Grothendieck group of analytic (resp. topological) real vector bundles on X. In view of Proposition 2.5, there is a canonical isomorphism
Henceforth we will write K(X) instead of K an (X). Given an element ξ of K(X), we denote by w k (ξ) its kth Stiefel-Whitney class.
For technical reasons it is convenient to introduce the following groups
where the inverse limits correspond to the family of all relatively compact open subsets U of X. The canonical homomorphism
is an isomorphism, cf. [16, Lemma 10.3] . Given an element γ = (γ U ) in
We will now work with coherent real analytic sheaves.
Lemma 3.4. Let S be a coherent real analytic sheaf on a real analytic man-
are locally free resolutions of S, then
Proof. By inserting some 0 sheaves in the left ends of the given locally free resolutions of S, we may assume that r = s. Then there is an exact sequence
of locally free sheaves on X (cf. [2, Lemma 2.8]), which implies the required equality in K(X).
There is a canonical way to assign to each coherent real analytic sheaf S on X an element γ(S) of K(X). If U is an open subset of X and if there is a locally free resolution
of S|U , then Lemma 3.4 yields a well-defined element
It is a standard fact that (3.5) always exists, provided U is relatively compact, cf. [2, Proposition 2.6]. Thus
where U runs through the family of all relatively compact open subsets of X, is a well-defined element of K(X). We set
where the right-hand side is defined in (3.3) . By construction, w k (S) is a cohomology class in H k (X, Z/2).
Proof of Theorem 1.1 For each coherent real analytic sheaf S, the cohomol- Let d = dim X. Since X is a polyhedron, there is a sequence {X n } n≥0 of compact subpolyhedra of X such that X 0 ⊆ X 1 ⊆ X 2 ⊆ . . . and X = ∪ n≥0 X n .
In view of (3.1), it suffices to prove that the canonical homomorphism
is surjective. Let (ξ n ) be an element of inv lim K top (X n ). Then (α n ), where
. We now construct inductively continuous maps f n : X n → B representing α n . For n = 0 we let f 0 : X 0 → B be any continuous map representing α 0 . Suppose that f n−1 : X n−1 → B is already constructed for some n ≥ 1. The homotopy extension theorem [18, p. 118, Corollary 5] implies the existence of a continuous map f n : X n → B representing α n with f n |X n = f n−1 . The maps f n give rise to a continuous map f : X → B satisfying f |X n = f n . Let α be the homotopy class of f and let ξ := ϕ X (α). Then r(ξ) = (ξ n ), and the proof is complete. 
Proof. Choose a subset D of V 0 which has exactly one point in each con- 
We have an obvious short exact sequence
of coherent real analytic sheaves. Hence by virtue of Cartan's Theorem B, the homomorphism of the groups of global sections
is surjective. In particular, there is a section f i in Γ(X, J (V )) = I(V ) with
where f ix is the germ of f i at x, which implies that f ix and g ix have the same differentials at x. and making use of
we obtain dim(V ∩ S) < dim V . Hence the analytic subset A := (V \V 0 ) ∪ (V ∩ S) of X satisfies (i) and (ii). By construction, f is of rank k at each point of V \A, which in view of (4.2) implies (iii).
Proof of Theorem 1.3 We will only prove (ii), leaving a much easier proof of (i) for the reader. Suppose then that codim X V = 2. By Lemma 4.3, there exist an analytic subset A of X and analytic functions
for all points x in some neighborhood of W := V \A in Y := X\A. Let ϕ i : Y → R be the restriction of f i for i = 1, 2. In view of (1),
where W is a closed subset of Y disjoint from W . Hence {U 1 , U 2 }, where
0 in R 2 is a regular value of (ϕ 1 , ϕ 2 )|U 1 :
Since the functions ϕ 1 and ϕ 2 have no common zero in U 1 ∩ U 2 , Cartan's Theorem A implies the existence of real-valued analytic functions ψ 1 and ψ 2 on U 1 ∩ U 2 satisfying
Let E be the analytic real vector bundle on Y determined by the open cover {U 1 , U 2 } and the transition function
Note that E is orientable, and hence with exact bottom row and n = dim X. Since X\Y = A and dim A < dim V = n − 2, we have H BM n−i (X\Y, Z/2) = 0 for i = 1, 2, which means that e * is injective as required.
